We present a simple derivation of the formula for the Hamiltonian operator(s) that achieve the fastest possible unitary evolution between given initial and final states. We discuss how this formula is modified in pseudo-Hermitian quantum mechanics and provide an explicit expression for the most general optimal-speed quasi-Hermitian Hamiltonian. Our approach allows for an explicit description of the metric-(inner product-) dependence of the lower bound on the travel time and the universality (metric-independence) of the upper bound on the speed of unitary evolutions.
In quantum mechanics the travel time for unitary timeevolutions between an initial and a final states λ I and λ F has a minimum that is proportional to the distance between λ I and λ F in the state space [1] . For a system with a fixed energy scale, this implies that the speed of unitary evolutions has an upper bound. The problem of determining a Hamiltonian operator that achieves the highest evolution speed has been considered in [2, 3, 4, 5, 6] . The purpose of the present article is to offer a very simple derivation of the formula for a time-independent optimalspeed Hamiltonian that can be directly generalized to the pseudo-Hermitian representation of quantum mechanics [7] . In particular, we give, for the first time, the explicit form of the most general time-independent quasiHermitian [8] optimal-speed Hamiltonian that evolves λ I into λ F .
In the standard formulation of quantum mechanics, the (pure) states of a physical system are identified with the rays in a complex separable Hilbert space H. Each ray can be determined in terms of an associated state vector ψ ∈ H − {0} according to λ ψ = {cψ|c ∈ C}. It is usually convenient to use the one-to-one correspondence between the states λ ψ and the projection operators Λ ψ := |ψ ψ| ψ|ψ to describe the properties of the space of all states, i.e., the projective Hilbert space P(H). For a Hilbert space H of dimension N ≤ ∞, P(H) is the complex projective space CP N −1 that plays a central role in the description of geometric phases [9] .
It is an easy exercise to show that Λ ψ satisfies
where "tr" denotes the trace. Recall that for a linear operator L acting in H, tr(L) := N n=1 ξ n |L ξ n , where {ξ n } is an arbitrary orthonormal basis of H, [20] .
In view of (1), Λ ψ is an element of the space B 2 (H) of all linear operators L : H → H fulfilling tr(L † L) < ∞. We can use "tr" to define the following inner product on this space (L|J) := tr(L † J). This makes B 2 (H) into a separable Hilbert space known as the Hilbert-Schmidt class [10] . Because the state space P(H) is a subset of B 2 (H), we can use the inner product (·|·) to define a notion of distance (metric) on P(H). We define the line element ds on P(H) according to
where we have used Λ ψ := |ψ ψ| ψ|ψ and (1), [11] . For N < ∞ where ψ can be represented by a complex column vector z with components z 1 , z 2 , · · · , z N , (2) takes the form
. This is precisely the Fubini-Study metric tensor [12] . For N = 2, endowing P(H) with this metric yields a round two-dimensional sphere of unit diameter. Now, suppose that we wish to use an arbitrary Hermitian (self-adjoint) Hamiltonian operator H : H → H to evolve an initial state λ ψI to a final state λ ψF . We can view the evolving state λ ψ(t) as a point moving on P(H). According to (2) , the instantaneous speed of the evolution is given by
where
is the uncertainty in energy and we have employed the Schrödinger equation, Hψ(t) = i ψ (t). We can integrate ds/dt to obtain the length of the curve traced by λ ψ(t) in P(H) as a function of the travel time τ , [1] :
Because ∆E ψ(t) ≥ 0 for all t ∈ [0, τ ), s is a monotonically increasing function of τ . This makes τ a monotonically increasing function of s. Therefore, the shortest travel time is achieved for the paths of the shortest length, i.e., the geodesics on P(H), [1] . Note that the geodesic distance is uniquely determined by the initial and final states and is insensitive to the choice of the Hamiltonian one uses to evolve the initial state along such a geodesic. The travel time depends on the Hamiltonian through the energy uncertainty ∆E ψ(t) . In particular, if one can make the latter arbitrarily large, the travel time can be made arbitrarily small. In typical situations, however, ∆E ψ(t) has a constant upper bound. For example, consider the case that the Hilbert space is finite-dimensional (N < ∞) and the energy eigenvalues E n are bounded functions of time; there is some E ∈ R + such |E n (t)| ≤ E for all n and t. Then, we can easily show that ∆E ψ(t) ≤ E; the travel speed is bounded by E/ ; and the travel time has s/E as a lower bound. Here s is to be identified with the geodesic distance between the initial and final states.
The above argument is valid, if one does not have additional restrictions on the choice of the Hamiltonian. In practice, one may have to impose constraints that would make it impossible to evolve the initial state along the shortest geodesic connecting it to the final state. In this case one can formulate the problem as a constrained variational problem [5] . In the remainder of this article we consider constant unconstrained Hamiltonians where the minimum travel time depends, besides the geodesic distance between the initial and final states, on a single real parameter specifying the energy scale of the system.
Let H be a time-independent Hamiltonian operator. Then the time-evolution operator e −itH/ commutes with H and H 2 , and ∆E ψ(t) does not depend on t. In this case, (4) implies τ = s/∆E ψ , and the speed of the evolution is given by ∆E ψ / . Therefore, to achieve the highest speed we need to choose the Hamiltonian so that ∆E ψ / is maximized. This shows that the travel time is bounded by the ratio of the minimum of s, i.e., the geodesic distance between λ ψI and λ ψF , to the maximum of speed ∆E ψ / .
Because we require the evolving state λ ψ(t) to trace a geodesic in P(H) that connects λ ψI and λ ψF , it lies entirely in the projective Hilbert space P(H ′ ) where H ′ is the subspace of H spanned by ψ I and ψ F . This is in fact a characteristic property of the Fubini-Study metric [1, 13] . It shows that we can restrict our attention to the case that H is two-dimensional; N = 2, [4] . Furthermore, without loss of generality, we can suppose that tr(H) = 0. This implies that the eigenvalues of H have opposite sign, E 2 = −E 1 =: E. Let {ψ 1 , ψ 2 } be an orthonormal basis consisting of the eigenvectors of H, Hψ n = E n ψ n . We expand ψ(0) = ψ I in this basis to find
and use the time-independence of ∆E ψ to compute it at t = 0. In view of (3) and (5), this yields
Therefore, the travel time τ satisfies
where s is the geodesic distance between λ ψI and λ ψF in P(H). (7) identifies τ min with a lower bound on the travel time. Next, we construct a Hamiltonian H ⋆ with eigenvalues ±E for which τ = τ min . This shows that indeed τ min is the minimum travel time.
Because s is completely determined by λ ψI and λ ψF , the condition τ = τ min is fulfilled if and only if ∆E ψ = E. In light of (6) this is equivalent to |c 1 | = |c 2 |. If we expand ψ F in the basis {ψ 1 , ψ 2 } to find
and compute ∆E ψ at t = τ , we obtain (6) (5) and (8), we find
We can solve these equations for ψ 1 and ψ 2 in terms of ψ I and ψ F , and use the spectral resolution of H ⋆ , i.e.,
to compute H ⋆ . This calculation is more conveniently performed in terms of
The result is [5, 6] 
where we have used the fact thatψ I andψ F are unit vectors. Moreover, (11) implies cos 2 (ϑ/2) = | ψI |ψF | 2 ψI |ψI ψF |ψF , which as explained in [1] identifies ϑ with 2s, [21] . Equation (13) can be easily modified to give the expression for the optimal-speed Hamiltonians in pseudoHermitian quantum mechanics. One merely needs to make the following substitution in the above analysis
where η + : H → H is the metric operator that defines the inner product of the physical Hilbert space H phys , i.e., ·, · η+ := ·|η + · =≺ ·|· ≻, and s η+ is the distance defined by the natural metric on the projective Hilbert space P(H phys ). We can obtain the line element associated with this metric by making the substitutions (14) on the right-hand side of (2). This gives [11] 
Similarly we find the following expressions for minimum travel time τ
min and the optimal-speed η + -pseudoHermitian [14] Hamiltonian H (η+) ⋆ (with eigenvalues ±E).
According to (7) and (16), if we choose η + such that the geodesic distance s η+ between λ ψI and λ ψF in P(H phys ) is smaller than the geodesic distance s between λ ψI and λ ψF in P(H), then τ (η+) min < τ min . This is the essence of the main result of [15] . Indeed, as we show below, it is possible to choose η + so that regardless of the choice of λ ψI and λ ψF their distance in P(H phys ) becomes arbitrarily small. But this does not seem to have any physical implications, for such an evolution amounts to evolving a state to an arbitrarily close state in an arbitrarily short time. The physical quantity of practical significance, particularly in areas such as quantum computation, is the speed of the evolution, namely E/ , which is a universal quantity independent of the choice of η + . Therefore, the minimum travel time between states of a given distance is independent of η + , [11] . A physical process that involves evolving λ ψI into λ ψF in P(H phys ) using an η + -pseudo-Hermitian Hamiltonian H : H → H in time τ may be described equally well by evolving λ η in the same time τ . As shown in [11] , the length of the curve corresponding to these evolutions in the respective projective Hilbert spaces are identical. Therefore, they will have the same speed.
Next, we wish to show how by choosing the metric operator we may adjust the value of s η+ and consequently τ (η+) min . Again, without loss of generality we confine our attention to the case N = 2. Let {e 1 , e 2 } denote the standard basis of C 2 , i.e., e 1 :=
we can represent any metric operator η + in {e 1 , e 2 } by a positive-definite matrix of the form
where a, c ∈ R and b ∈ C. Because η + is a positivedefinite matrix,
For states λ ψ , differing from λ e2 , we can use a representative state vector of the form ψ :=
Substituting this relation in (15) and using (14) and (19) we find [11] 
where b 1 and b 2 are respectively the real and imaginary parts of b, i.e., b =:
Next, we introduce the angular coordinates (ϕ, θ) that are related to (x, y) according to x = tan( θ 2 ) cos(ϕ + β), y = tan( θ 2 ) sin(ϕ + β), where β := tan −1 (b 2 /b 1 ). These coordinates also allow for treating the state λ e2 . To see this, first observe that for (x, y) ∈ R 2 , we have ϕ ∈ [0, 2π) and θ ∈ [0, π). The state λ e2 corresponds to the point at infinity in the x-y plane which we can identify with θ = π. In terms of (ϕ, θ), (21) reads
where we have introduced
a+c , and
a+c . Note that because of (20) we have
If we set η + = I we recover the standard Euclidean inner product on the Hilbert space. In this case
. This is just the standard metric for a round sphere of unit diameter. In [11] we show that P(H phys ) is related to P(H) by an isometry. Therefore, (22) also describes a round sphere of unit diameter, and (ϕ, θ) are the usual spherical coordinates.
We can use (17) and (19) , to obtain the explicit form of the optimal-speed η + -pseudo-Hermitian Hamiltonians for given initial λ ψI and final λ ψF states. We can always perform an invertible linear (basis) transformation in H so that λ ψI = λ e1 . Let λ ψF be an arbitrary final state (that is different from λ e1 ). Then we can take ψ I = , for some ζ ∈ C. In view of (14) and (19),
Inserting these in (18) and using (16), we find cos s η+ = |ξ|/ D + |ξ| 2 and
Similarly we employ (17) and (19) , to obtain the matrix representation of H (η+) ⋆ in the basis {e 1 , e 2 }:
where ω := arg(ξ), i.e., e iω = ξ/|ξ|. It is interesting to see that the minimum travel time and optimal-speed Hamiltonians are respectively determined by the modulus and the phase of ξ. Note also that the right-hand side of (24) does not have a unique limit as ξ → 0. This is because ξ = 0 corresponds to the case that λ ψI and λ ψF are antipodal points of P(H phys ) that are connected via an infinity of geodesics with equal length.
Setting a = c = D = 1 and b = 0 in (23) and (24), we find the explicit form of the optimal-speed Hamiltonian and the minimum travel time in conventional quantum mechanics:
Note that in this case ξ = ζ and e iω = ζ/|ζ|. Comparing (25) with (23), we see that by keeping a and b fixed, so that ξ is left unchanged, and decreasing the value of c we can make D as small as we wish. This in turn reduces the value of τ min < τ min . As we explained above, this observation does not seem to have any practical implications, if we use H (η+) ⋆ to generate a unitary evolution, i.e., consider the dynamics taking place in P(H phys ). If we instead consider the dynamics defined by H (η+) ⋆ in P(H), then the travel time is still given by (23) (which can be made smaller than τ min ) but the evolution is nonunitary. This is a manifestation of the nonexistence of an upper bound on evolution speed for non-unitary evolutions [16] . A more interesting observation is that one can realize this fact using a quasi-Hermitian Hamiltonian (PT -symmetric Hamiltonians considered in [15] being special cases) [17] ; there is no upper bound on the speed of quasi-unitary evolutions, [22] .
To offer a physical interpretation for this result we first recall that in quantum mechanics, a physical system is represented by a Hilbert space-Hamiltonian pair (H, H 
